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Abstract. The goal of this work is to identify the diameter, the maxi-
mum distance between any two nodes, of graphs that evolve over time.
This problem is useful for many applications such as improving the qual-
ity of P2P networks. Our solution, G-Scale, can track the diameter of
time-evolving graphs in the most efficient and correct manner. G-Scale is
based on two ideas: (1) It estimates the maximal distances at any time to
filter unlikely nodes that cannot be associated with the diameter, and (2)
It maintains answer node pairs by exploiting the distances from a newly
added node to other nodes. Our theoretical analyses show that G-Scale
guarantees exactness in identifying the diameter. We perform several ex-
periments on real and large datasets. The results show that G-Scale can
detect the diameter significantly faster than existing approaches.
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1 Introduction

Graphs arise naturally in a wide range of disciplines and application domains.
The distances between pairs of nodes are a fundamental property in graph theory.
The node-to-node distances are often studied in terms of the diameter, the
maximum distance in a graph. However, the focus of traditional graph theory
has been limited to just static graphs; the implicit assumption is that the number
of nodes and edges never change.

Recent years have witnessed a dramatic increase in the availability of graph
datasets that comprise many thousands and sometimes even millions of time-
evolving nodes; this is one consequence of the widespread availability of electronic
databases and the Internet. Recent studies on large-scale graphs are discover-
ing several important principles of time-evolving graphs [I2]. Thus demands for
efficient approaches to the analysis of time-evolving graphs are increasing.

In this paper, we focus on the problems faced when attempting to identify the
exact diameter of a graph evolving over time by the addition of nodes. In other
words, the goal of this work is continuous diameter monitoring for time-evolving
graphs. We propose an algorithm to solve this problem exactly in real-time.
The commonly-used approach to diameter computation is based on breadth-
first search, which is not practical for large-scale graphs since it requires excessive
CPU time. To the best of our knowledge, this is the first study to address the
diameter detection problem that guarantees exactness and achieves efficiency.
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1.1 Contributions

We propose a novel method called G-Scale that can efficiently identify the diam-
eter of time-evolving graphs. In order to reduce monitoring cost, (1) we estimate
the maximal distance to prune unlikely nodes that cannot be associated with the
diameter, and (2) we maintain the answer node pairs whose distances are the
diameter by exploiting distances from a newly added node to other nodes. G-
Scale has the following attractive characteristics:

— Efficient: G-Scale is drastically faster than the existing algorithm. The ex-
isting algorithm takes O(n? 4+ nm) time where n and m are the number of
nodes and edge, respectively, and so is prohibitively expensive for large-scale
graphs.

— Exact: G-Scale does not sacrifice accuracy even though it prunes unlikely
nodes in the monitoring process; it can exactly track the node pair that
delimit the diameter of a time-evolving graph at any time.

— Parameter-free: Previous approximate approaches require the setting of
parameters. G-Scale, however, is completely automatic; this means it does
not require the user to set any parameters.

1.2 Problem Motivation

The problem tackled in this paper must be overcome to develop the following im-
portant applications. The network architecture called P2P is the basis of several
distributed computing systems such as Gnutella, Seti@home, and OceanStore
[2]. And content distribution is a popular P2P application on the Internet. For
example, Kazaa and its variants have grown rapidly over time, over 4.5 million
users share a total of 7 petabytes of data [3]. In a content distribution network,
personal computers can use hop-by-hop data forwarding between themselves. An
important and fundamental question is how many neighbors should a computer
have, i.e., what size the routing table should be [I6]. This question is important
for two reasons. The number of computers in a P2P network could be extremely
large, hence the complete routing table is likely to be too large to maintain.
Second, because each hop in a P2P network is overhead, suppressing the query
hop number by increasing table size is important in raising service efficiency.

Network diameter is a useful metric when trying to raise the search efficiency
of a content distribution network, since it directly corresponds to the number
of hops a query needs to travel in the worst case [9]. Moreover, by monitoring
network diameter, the routing table size can be updated more effectively; if the
diameter is large, the routing table size should be increased. This strategy can
bound the search speed of content distribution networks.

In addition to the application presented above, robustness improvement is
an important application in P2P networks of diameter monitoring. Koppula et
al. showed that it can be determined which edges should be added/rewired to
improve network robustness by plotting the diameters of dynamically changing
graphs [§]. Furthermore, our proposed method can be used in other applications
such as measuring the structural robustness of metro networks [13], monitoring
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the evolution of the Internet [1I], and measuring citation networks size [10].
While time-evolving graphs are potentially useful in many applications, they
have been difficult to utilize due to their high computational costs. However, by
providing exact solutions in a highly efficient manner, G-Scale will allow many
more data mining applications based on time-evolving graphs to be developed
in the future.

The remainder of this paper is organized as follows. Section 2] describes re-
lated work. Section Bl overviews some of the background of this work. Section [4]
introduces the main ideas of G-Scale and explains its algorithm. Section [ gives
theoretical analyses of G-Scale. Section [0l reviews the results of our experiments.
Section [7 is our brief conclusion.

2 Related Work

Many papers have been published on approximation for node-to-node distances.
The previous distance approximation schemes are distinguished into two types:
annotation approach and embedding approach. Rattigna et al. studied two anno-
tation schemes [17]. They randomly select nodes in a graph and divide the graph
into regions that are connected, mutually exclusive, and collectively exhaustive.
They give a set of annotations to every node from the regions. Distances are
computed by the annotations. They demonstrated their method can compute
node distances more accurately than the embedding approaches.

The Landmark approach is an embedding approach [7/15], and estimates node-
to-node distance from selected nodes. The minimum distance via a landmark
node is utilized as node distance in this method. Another embedding approach
is Global Network Positioning which was studied by Ng et al [14]. Node distances
are estimated with L, norm between node pairs.

However, interest of these approaches lies only in the estimation; these ap-
proaches do not guarantee exactness.

3 Preliminary

In this section, we formally define some notations and introduce the background
to this paper. Content distribution networks and others can be described as
graph G = (V, E), where V is the set of nodes, and F is the set of edges. We use
n and m to denote the number of nodes and edges, respectively. That is n = |V|
and m = |E|. We define a path from node u to v as the sequence of nodes linked
by edges, beginning with node u and ending at node v. A path from node u to
v is the shortest path if and only if the number of nodes in the path is the
smallest possible among all paths from node u to v. We use d(u,v) to denote
the distance between node u and v, and d(u,v) is the number of edges in the
shortest path from node u to v in the graph. By definition, d(u,u) = 0 for every
u €V, and d(u,v) = d(v,u) for u,v € V.
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The diameter,D, is defined as the maximal distance between two arbitrary
nodes as follows [B]: D = max(d(u,v)|u,v € V). And our algorithm returns not
only the diameter but the node pairs whose distances are equal to the diameter,
D. D is formally defined as follows: D = {(u,v)|d(u,v) = D}.

The diameter of graph G can exactly be computed by the breadth-first search
approach [4]. But the breadth-first search based approach generally needs O(n?+
nm) time because it computes the distances from all n nodes in a graph and
O(n + m) time is required for each node [6]. This incurs excessive CPU time
for large-scale graphs as illustrated by the statement ‘computing shortest paths
among all node pairs is computationally prohibitive’ made in [I0]. Furthermore,
the naive approach to monitoring time-evolving graphs is to perform this proce-
dure each time a graph changes. However, considering the high frequency with
which graphs evolve, a much more efficient algorithm is needed.

4 Monitoring the Diameter

In this section, we introduce the two main ideas and describe the algorithm of
G-Scale. The main advantage of G-Scale is that it can efficiently and exactly
solve the problem of identifying the diameter of time-evolving graphs. First we
give an overview of each idea and then a full description.

4.1 Ideas Behind G-Scale
Our solution is based on the two ideas described below.

Reference node filtering. Our first idea is to prune unlikely nodes efficiently so as
to reduce the high cost of the existing approach. The existing algorithm requires
high computation time because it computes distances for all pairs of n nodes in
the graph. Our idea is simple; instead of computing distances from all nodes,
we compute the distances only from selected nodes and prune unlikely nodes.
In other words, we use selected nodes to filter unlikely nodes. We refer to the
selected nodes as reference nodes.

In the monitoring process, we select reference nodes one by one and compute
the distances from the node to other nodes. In doing so, we estimate whether
nearby nodes of the reference node can delineate the diameter. The time incurred
to estimate node distances is O(1) for each node. As a result, if the number of
reference nodes is k (k < n), O(kn+km) time is required to detect the diameter,
instead of the O(n? + nm) time required by the existing algorithm solution.

This new idea has the following two major advantages. First, we can identify
the diameter exactly even though we prune nearby nodes with the estimation.
This means that we can safely discard unlikely nodes at low CPU cost. Note
that the number of k is automatically determined. Generally, it is difficult to
set parameters which would significantly impact the final result. Our approach,
however, avoids user-defined parameters, and this is the second advantage.
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Incremental update. Time-evolving graphs evolve by the addition of nodes over
time. By a node addition, the diameter can grow, shrink, or be unchanged. We
propose an algorithm that efficiently maintains the answer node pairs to detect
the diameter of time-evolving graphs.

The naive method based on the above filtering approach for time-evolving
graphs is to identify the diameter by setting reference nodes every time a node
added. However, we ask the question, ‘Can we avoid re-estimating the maximal
distance every time the graph grows?’. This question can be answered by exam-
ining whether the node addition changes the answer node pairs. As described
in detail later, if the diameter does not shrink with node addition, the answer
node pairs can be incrementally updated by assessing only the distances from
the added node.

This idea is especially effective for time-evolving graphs. In the case of time-
evolving graphs, a small number of new nodes are continually being added to the
large number of existing nodes. Therefore, there is little difference in the graphs
before and after the addition of nodes, even if the new nodes arrive frequently.
As a result, we can efficiently update the diameter and the answer node pairs
by computing distances from the added node.

4.2 Reference Node Filtering

Our first idea involves selecting reference nodes so as to filter unlikely nodes
efficiently.

Our filtering algorithm is as follows: (1) It computes the candidate distance
which is expected to be diameter. (2) It selects reference nodes and estimates
the maximal distances of nearby nodes to other nodes, and (3) If a node distance
estimation yields a shorter distance than the candidate distance, it prunes the
node since the node cannot be delineate the diameter. Accordingly, the unlikely
node can be filtered quickly.

In this section, we first describe how estimate the maximal distance of a node
to other nodes, and show that node distance estimation gives an upper bound for
the maximal distance. We then introduce our approach of selecting the reference
nodes and computing the candidate distance.

Formally, the following equation gives the maximal distance of node u:
Amaz(u) = max(d(u,v)|v € V). We then define the estimation of the maximal
distance as follows:

Definition 1 (Estimation). For graph G, let u, be a reference node, we define
the following estimation of the maximal distance of node v, czmam(v), to filter
unlikely nodes: R

dmaz (V) = dmaz(ur) + d(u,, v) (1)

We show the following lemma to introduce the upper bounding property of node
estimation; this property enables G-Scale to identify the diameter exactly.

Lemma 1 (Upper bound). For any node in graph G, the following inequality
holds.

dmaz (U) < Cimaac (U) (2)
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Algorithm 1. Filtering
Input: G, = (V, E), a time-evolving graph at time ¢
Di—1, the answer node pairs of previous time tick
Output: D:, the diameter of graph Gt
D:, the answer node pairs

1: Dy := max(d(u,v)|(u,v) € Di_1);

2: Dy =1

3V =V,

4: while V' # () do

5.  w, := argmax(deg(v)|v € V');

6: compute the maximal distance dmaz(ur);
7:  if dpmaz(ur) = Dy then

8: append {(ur,v)|d(ur,v) = D} to Dy;
9: end if

10:  if dmae(ur) > Dy then

11: D; = dmaz(ur);

12: D¢ := {(ur, v)|d(ur,v) = D:};

13: end if

14:  subtract u, from V’;

15:  subtract {v|(imam(v) < D} from V7;
16: end while

Proof. Omitted for space. O

If a node estimation yields a shorter distance than the candidate distance, the
node cannot be a node of the answer node pairs. So we prune the node. Since
node estimation can be computed at the cost of O(1) as shown in Definition [I]
we can efficiently identify the diameter by exploiting node estimation.

Selection of the reference nodes and candidate distance are very important
for efficient filtering; if the maximal distance of the reference node is longer than
the maximal distance of the candidate node, we cannot effectively prune unlikely
nodes (see Definition [IJ).

We select the highest-degree nodes as the reference nodes since the maximal
distances of such nodes are likely to be short than other nodes; from such nodes,
all nodes can be reached in a small number hops. We utilize the answer node
pairs of the previous time tick to compute the candidate distance. Since graphs
are almost the same after a node addition, the prior answer node pairs are
expected to remain valid. These two techniques allow us to obtain good reference
nodes and candidate distances effectively as demonstrated in the experiments in
Section

Algorithm [l shows the filtering algorithm that detect the diameter by the
reference nodes. The number of reference nodes, k, is automatically obtained in
this algorithm. In this algorithm, deg(u) represents the degree of node u. The
algorithm first computes the candidate distance based on the prior answer node
pairs (line 1). It then selects a reference node according to degree (line 5). If
the maximal distance of the reference node is equal to the candidate distance,
it appends the answer node pairs (lines 7-9). If the maximal distance of the
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reference node is larger than the candidate distance, it sets the candidate distance
and the answer node pairs (lines 10-13). It uses the candidate distance to prune
the unlikely nodes in the graph. That is, if a node distance estimation is less than
the candidate distance, that node cannot delineate the diameter, and so can be
safely discarded (line 15). This procedure is iterated until all nodes have been
processed. This implies that the number of reference nodes, k, is automatically
computed. That is, this algorithm does not require any user-defined parameters.

4.3 Incremental Update

Our second idea is an incremental monitoring algorithm that efficiently main-
tains the answer in case a node addition; it suppresses the computation time by
providing conditions that restrict the application of the filtering algorithm for
node addition.

Diameter changes. In this section, we first describe the property of node
distance after node addition, and then examine the conditions in which the
diameter grows, shrinks, or is unchanged. We assume that one node, u,, and its
connected edges are added to a time-evolving graph at each time tick.

We introduce below the property that underlies our update algorithm; dis-
tances of already existing node pairs can not be increased by node addition:

Lemma 2 (Distances after node addition). Node distances at time t can
not be longer than that at time t — 1 for all node pairs in graph Gy_1.

Proof. 1If all shortest paths between node u and v at time ¢ pass through the
added node, the corresponding path at time ¢t — 1 cannot have existed. That is,
all the shortest paths at t — 1 must be shortened by the added node. Otherwise,
there exists a shortest path between node u and v at time ¢ that does not pass
through the added node. Therefore, the same path was present at time ¢t — 1. As
a result, distance between node v and v is not increased by node addition. [

After node addition, the diameter can change. We distinguish three types of
changes in diameter after node addition, and we theoretically analyze the three
lemmas of the changes by utilizing the above property.

The first type of change is diameter increase. The diameter increases iff the
maximal distance of the added node is longer than the diameter of the previous
time:

Lemma 3 (Growth in diameter). The diameter grows at time t if and only if:
dmaw(ua) > Dy (3)

Proof. If Dy > D;_1, then node u, must delineate the diameter since the maximal
distances of already existing nodes cannot be longer than D;_; from Lemmal[2l If
dmaz(tg) > Di_1, then obviously dpmax(us) = Dy and Dy > Dy 1. O

The diameter shrinks iff the maximal distance of added node is shorter than the
diameter at the previous time tick, and node addition invalidates all previous
answer pairs:
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Lemma 4 (Shrinkage in diameter). The diameter
shrinks at time t if and only if:

(1)dmax(ua) < Di_1, and
(2)V(v,w) € Dy—1,d(v,w) < Dy—1 (4)

Proof. If Dy < Dy_1, then dpar(us) < Di—1 and all distances of answer nodes
pairs at the last time tick must be shorter than D;_;. If (1) and (2) hold, then
the diameter shrinks at time ¢ because of Lemma, O

The diameter would be unchanged after node addition iff the maximal distance
of the added node is equal to the diameter of the previous time, or there exists
at least one node pair whose distance is equal to the diameter at the previous
time tick:

Lemma 5 (Unchanged diameter). The diameter is unchanged at time t if
and only if:

(1)dmaz(ua) = thla or

(2)3(v,w) € Dy—1 s.t. d(v,w) = Dy (5)
Proof. This is obvious from Lemma [B] and [ |

Monitoring algorithm. We can efficiently maintain the answer with the in-
cremental update approach. As the first step, we describe invalidation of answer
pairs can be checked with only distances from added node, and then show our
monitoring algorithm based on the incremental update approach.

We exploit the following property of the shortest path, which is shown in [4],
to update the diameter and the answer node pairs:

Lemma 6 (Bellman criterion [4]). Node u lies on a shortest path between
node v and w, if and only if:

d(u,v) + d(u,w) = d(v, w) (6)

With Lemma [6, we can check whether node addition shortens distances of pre-
vious answer pairs:

Lemma 7 (Distance check). In time-evolving graphs, the added node u,
shortens the distances of previous answer node pair (v, w) if and only if:

d(v,uq) + d(w,ug) < Di—q (7)

Proof. 1If the added node u, shortens the distances, then node wu, must lie
on the shortest path between node v and w. Therefore, D;—; > d(v,w) =
d(ug,v) +d(ug, w) from Lemmalll If d(v, us) 4+ d(w, us) < Dy—1, then the added
node u, must shorten the distance since D;_1 > d(uq,v) + d(uq, w) > d(v,w)
(see [6]). O

Lemma [7 implies that we can maintain the answer node pairs by using only
the distances from the added node if the diameter grows or remains unchanged.
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That is, if the added node delineates the diameter, we can compute the answer
node pairs by using the distances from the added node. And if node addition
shortens the distances of a previous answer node pair, that pair can be efficiently
detected with from Lemma[7l If there exist no node pair whose distance is equal
to the previous diameter, we detect the new diameter by the filtering algorithm.

Algorithm Pl describes our G-Scale algorithm. It first computes the maximal
distance of the added node (line 1). If the maximal distance is longer than the
prior time diameter, the added node must delineate the diameter (Lemma []).
It uses the distances from added node to set the diameter and the answer node
pairs (lines 3-5). If the maximal distance is equal to the prior time diameter or
if there exists an answer node pair whose distance is equal to the prior time
diameter, the diameter remains unchanged after node addition (Lemma [H). It
appends/removes the answer node pairs by distances from the added node (lines
8-13). If no node pair exists whose distance is equal to the prior time diameter
after the addition, the diameter shrinks (Lemmaf). The diameter and the answer
node pair are identified in Algorithm [ (lines 15-17). Thus G-Scale limits the
application of the filtering algorithm to the minimum.

Time-evolving graphs experience the addition of nodes and we assume here
that a graph has only onenode att = 1. At t = 1, weset D;_; = 0 and D;_; = (.
Lifting this assumption is not difficult, and is not pursued in this paper.

Even though we assumed single node addition, we can also handle the addition
of several nodes in each time tick; we simply iterate the above procedure for each
additional node. If one edge is added, we assume one connected node is added to
the graph. For node/edge deletion, we can detect the diameter by Algorithm [II
since such graphs do not have the property of Lemma[@l This procedure is several
orders of magnitude faster than the existing approach as showed in Section [Gl

We have focused on unweighted undirected graphs in this paper, but G-
Scale can also handle weighted or directed graphs. For weighted graphs, we use
Dijkstra’s algorithm to compute distances from nodes, and bread-first search for
each direction to obtain distances for directed graphs. Monitoring procedures,
such as how to estimate the maximal distance from reference nodes and how to
maintain the answer node pairs, are the same as those for unweighted undirected
graphs.

5 Theoretical Analysis

In this section, we introduce a theoretical analysis that confirms the accuracy
and complexity of G-Scale. Let k be the number of reference nodes.

5.1 Accuracy
We prove that G-Scale detects the diameter accurately (without fail) as follows:

Lemma 8 (Exact monitoring). G-Scale guarantees the exact answer in iden-
tifying the diameter.
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Algorithm 2. G-Scale
Input: G, = (V, E), a time-evolving graph at time ¢
D;_1, the diameter at previous time tick
D:—1, the answer node pairs at previous time tick
Uq, the added node at time ¢
Output: Dy, the diameter of graph G
Dy, the answer node pairs

1: compute the maximal distance dpmaz(ta);
2: //Growth in diameter

3: if dmaz(ua) > Di—1 then

4: Dy = dmam(”a);

5: Dy := {(ta,v)|d(ta,v) = D¢ };

6: else

7:  //Unchanged diameter

8: Dy := Dy_q;

9: D¢ :=Di_1;

10:  if dmae(ta) = Di—1 then

11: append {(ua,v)|d(ta,v) = Di—1} to Dy;
12: end if

13:  remove {(v,w)|d(v, ua) + d(w, ua) < Di—1} from Dy;
14:  //Shrinkage in diameter
15:  if D; = 0 then

16: compute D; and D; by the filtering algorithm;
170 end if
18: end if

Proof. Mathematical induction can be used to prove that G-Scale detects the
diameter exactly at time ¢(> 1). First, we must show that the statement is true
at t = 1. At time ¢ = 1, G-Scale detects D; = 0 and D; = (u1,u1) exactly
since (1) it sets Di—; = 0 and Dy—1 = 0 and (2) dimaz(u1) = 0 (see lines 8-12 in
Algorithm [2]). Next, we will assume that the statement holds at ¢t = i. Assuming
this, we must prove that the statement holds for its successor, t = 7 + 1. If the
diameter does not shrink at ¢t = ¢+1, it detects the diameter and the answer node
pairs exactly from the distances from the added node with Lemma[ll Otherwise,
it finds the diameter and the answer node pairs by the filtering algorithm. The
filtering algorithm discards a node if its estimated maximal distance is lower
than the candidate distance, and node estimation has upper bounding property
(Lemma [T]). That is, a node that delineates the diameter cannot be pruned. We
have now fulfilled both conditions of the principle of mathematical induction. [

5.2 Complexity
We discuss the complexity of G-Scale.

Lemma 9 (Space complexity of G-Scale). G-Scale requires O(n+m) space
to compute the diameter.
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Proof. G-Scale requires O(n+m) space to keep the graph. The number of answer
node pairs is negligible compared to that of nodes/edges as shown in Section [6l
As a result, G-Scale requires O(n + m) space in diameter monitoring. O

Lemma 10 (Time complexity of G-Scale). G-Scale requires O(n+m) time
if the diameter does not shrink by node addition, otherwise it requires O(kn+km)
time to compute the diameter.

Proof. To identify the diameter, G-Scale first compute the distances from the
added node and examines whether the added node delimits the diameter or
shortens the distances of the previous answer node pairs. It takes O(n + m)
time. If the diameter shrinks, G-Scale detects the diameter with the filtering
algorithm which takes O(kn + km) time. As a result it requires O(n + m) time
if the diameter does not shrink, and it takes O(kn + km) time if the diameter
shrinks. ]

The monitoring cost depends on the effectiveness of the filtering and incremental
update techniques used by G-Scale to detect the diameter. In the next section, we
confirm the effectiveness of our approach by presenting the results of extensive
experiments.

6 Experimental Evaluation

We performed experiments to demonstrate G-Scale’s effectiveness. We compared
G-Scale to the existing common algorithm based on breadth-first search [4] and
the network structure index [17]. Note that the network structure index can
compute node distances quickly at the expense of exactness. Furthermore, this
method requires O(n?) space and O(n?) time as described in their paper; this
method has higher orders of space and time complexities than the method based
on breadth-first search.
Our experiments will demonstrate that:

— Efficiency: G-Scale outperforms breadth-first search by up to 5 orders of
magnitude for the real datasets tested. G-Scale is scalable to dataset size
(Section [B6.1)).

— Effectiveness: The components of G-Scale, reference node filtering and in-
cremental update, are effective in monitoring the diameter (Section [6.2)).

— Exactness: Unlike the existing approach, which sacrifices accuracy, G-Scale
can identify the diameter exactly and efficiently (Section [6.3).

We used the following three public datasets in the experiments: Citation, Web,
and P2P. They are a U.S. patent network, web pages within ‘berkely.edu’ and
‘stanford.edu’ domain, and the Gnutella peer-to-peer file sharing network, re-
spectively. All data can be downloaded from [I]. We extracted the largest con-
nected component from the real data, and we added single nodes one by one in
the experiments.

We evaluated the monitoring performance mainly through wall clock time.
All experiments were conducted on a Linux quad 3.33 GHz Intel Xeon server
with 32GB of main memory. We implemented our algorithms using GCC.
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Fig. 1. Wall clock time versus number of nodes

6.1 Efficiency and Scalability

We assessed the monitoring time needed for G-Scale and breadth-first search.
We conducted trials with various numbers of nodes because differences in this
number are expected to have strong impact for wall clock time. Figure [l shows
the wall clock time as a function of the number of nodes to detect the diameter.

These figures show that our method is much faster than breadth-first search
under all the conditions examined. Breadth-first search computes distances for
all node pairs in a graph. However G-Scale requires only distances from an
added node if the diameter does not shrink. Even though G-Scale computes the
distances from reference nodes if the diameter shrinks, this cost has no effect
on the experimental results. This is because node addition hardly changes the
diameter in time-evolving graphs and the number of reference nodes, k, is very
small as is shown in the next section.

6.2 Effectiveness of Each Approach

In the following experiments, we examine the effectiveness of the core techniques
of G-Scale: reference node filtering and incremental update.

Reference node filtering. G-Scale prunes unlikely nodes using reference nodes
and the candidate distance. As mentioned in Section B2, G-Scale selects the
highest-degree node as a reference node and utilizes the previous answer node
pairs as candidate pairs. To show the effectiveness of this idea, we removed the
update approach from G-Scale to directly evaluate the filtering technique, and
examined the wall clock time. In other words, we directly evaluate Algorithm [Tl

Figure[2 shows the result. In this figure, G-Scale without the update technique
is abbreviated to Filtering, and Random represents the results where reference
nodes and the candidate distance are selected at random. The numbers of nodes
in this figure are 1,000, 000 for Citation, 550,000 for Web, and 60, 000 for P2P.

Our selection methods require less computation time than the other methods.
The maximal distances of the highest-degree node are expected to be short, and
the prior answer node pairs are likely to remain valid. Therefore, the filtering
algorithm can efficiently detect the diameter for time-evolving graphs.

For node/edge deletion, we can detect the diameter by Algorithm [ as de-
scribed in Section 3l Figure 2 shows the effectiveness of this approach; it is
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node filtering are computed in diameter monitoring

several orders of magnitude faster than the existing approach (compare Filter-
ing to Breadth).

Incremental update. Our update algorithm efficiently detects the diameter
by reducing the application of the filtering algorithm. That is, if the diameter
does not shrink, it maintains the answer node pairs by the distances from the
added node. We compared the number of source nodes from which distances
are computed to show the effectiveness of this approach. Note that the number
of source nodes is the number of the added node plus the reference nodes. In
other words, the number of source nodes is k + 1. Figure [§ shows the results by
G-Scale and without update technique (abbreviated to Filtering) in monitoring
time-evolving graphs. And Figure[d] shows the number of answer node pairs. We
used Citation as dataset.

Figure Bl shows that the update algorithm significantly reduces the number
of source nodes. As we can see from the figure, in practice, G-scale computes
the distances only from the added node, while the number of reference nodes,
k, is much smaller than that of graph nodes, n, with the filtering algorithm.
Moreover, in most cases, the number of answer node pairs is less than 10 as
shown in Figure 4 it was never more than 30 in the experiments. Therefore, it
can efficiently check whether node addition invalidates the previous answer node
pairs. As a result, G-scale can maintain the answer node pairs efficiently.

6.3 Exactness of the Monitoring Results

One major advantage of G-Scale is that it guarantees the exact answer, but this
raises the following simple questions:

— How successful is the previous approximation approach in providing the
exact answer even though it sacrifices exactness?

— Can G-Scale identify the diameter faster than the previous approximation
approach that does not guarantee the exact answer?

To answer the these questions, we conducted comparative experiments using the
network structure index proposed by Rattigan et al. [17]. Although they studied
several estimation schemes for node distances, we compared the distant to
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zone annotation scheme to G-Scale since it outperforms the other approaches,
including embedding schemes mentioned in Section [ in all of our dataset; the
same result is reported in their paper. This annotation has two parameters:
zones and dimensions. Zones are divided regions of the entire graph, and
dimensions are sets of zones. We measured the quality of accuracy by the error
ratio, which is error value of the estimated diameter distance divided the exact
diameter distance. Note that the error ratio becomes a value from 0 to 1. Figure[l
shows the error ratio and the wall clock time of the diameter detection. The
dataset used was Citation where the number of nodes is 10, 000.

As we can see from the figure, the error ratio of G-Scale is 0 because it identifies
the diameter accurately. However, the network structure index has much higher
error ratio. And the number of dimensions has no impact on the error ratio.
Therefore it is not practical to use the network structure index in identifying the
diameter. This answers the first question.

Figure [l shows that G-Scale greatly reduces the computation time while it
guarantees the exact answer. Specifically, G-Scale is at least 2,400 times faster
than the network structure index in this experiment; this is our answer to the
second question.

The efficiency of the network structure index depends on the parameters used;
it can take much more time than breadth-first search if the parameters are
wrongly chosen. Furthermore, the results show that the network structure index
forces a trade-off between speed and accuracy. That is, as the number of zones
and dimensions decreases, the wall clock time decreases but the error ratio in-
creases. The network structure index is an estimation technique and so can miss
the exact answer. G-Scale also estimates the maximal distances to yield efficient
filtering, but unlike the network structure index, G-Scale does not discard the
exact answer in the monitoring process. As a result, G-Scale is superior to the
network structure index in not only accuracy, but also speed.

7 Conclusions

This paper addressed the problem of detecting the diameter of time-evolving
graphs efficiently. As far as we know, this is the first study to address the
diameter monitoring problem for time-evolving graphs with the guarantee of
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exactness. Our proposal, G-Scale, is based on two ideas: (1) It filters unlikely
nodes by selecting reference nodes to estimate the maximal distances, and (2)
It incrementally updates the answer node pairs by exploiting the distances from
the newly added node. Our experiments show that G-Scale is significantly faster
than the existing methods. Diameter monitoring is fundamental for many min-
ing applications in various domains such as content distribution, metro networks,
the Internet, and citation networks. The proposed solution allows the diameter
to be detected exactly and efficiently, and helps to improve the effectiveness of
future data mining applications.
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